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Abstract 
O’Hara, J., Family of energy function& of knots, Topology and its Applications 48 (1992) 147-161. 
We define energy function& on the space of embeddings from S’ into W3 and show the finiteness 
of knot types under bounded values of those functionals. 
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Introduction 
In [7], we defined a real-valued functional, the energy E, which is well behaved 
for embedded circles in lR3, and which blows up for curves with self-intersections. 
This functional E is in a sense an “electric potential energy” of a circle charged 
with “electrons” whose “Coulomb’s force” is proportional to the cubic inverse of 
the distance. We showed that for any real number b, there are only finitely many 
knot types which can have b as upper bound for the sum of E and the total squared 
curvature functional. 
In this paper, we define a continuous two-parameter family of functionals {e,!} 
(0 s j < 2 and 1 G p < 00). Then e: - 2 is equal to the energy E in [7], and e: is equal 
to the logarithm of Gromov’s distortion in [3]. In Section 1 we show that e! is an 
energy functional, which has a similar property as E, if and only if p 2 2jj’ under 
the notation 0-l = 00. In Sections 2 and 3 we investigate the relationship between 
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boundedness of the value of ep and jiniteness of knot types. In Section 2 we prove 
that if p > 2jj1, then for any real number b, there are only finitely many knot types 
that can have b as upper bound for ep. That is because if the value of e; with 
p > 2jP’ of a knot is bounded above, then its value of Kuiper’s self-distance [4] is 
bounded below. In Section 3 we prove that if p ~2j-l or j = 0, then there are 
infinitely many knot types with the value of e,” bounded. To show this, we investigate 
the behavior of e,” when the “knotted part” shrinks to a point. (See Fig. 6.) 
For computer simulations of the energy E, see [l, 81. 
Notations. We use the notation 1. ( for the standard norm of R3. Unless otherwise 
mentioned, we work with the fixed domain of functionals, 8, given by 
8 = {f: S’ = R/Z + R3 : embedding of the class C* 
such that 1 f ‘( t)l = 1 for all t E S’}. 
We use the notation 6(x, y) for the arclength between x and y in S’ = R/Z, 
6(x, y) = min{lx - yl, 1 -Ix - yl}. 
1. Energy functionals 
In this section we introduce the concept of the energy functional. 
Definition 1.1. A functional e: ‘iT+[w is an energy functional if the following two 
conditions are satisfied: 
(1) For any x, y E S’ with x # y, and for any real number M, there exists a positive 
number E such that If(x)-f(y)lGe (fe ZT) implies e(f)sM. 
(2) If f(S’) and g(S’) are congruent (J; g E 8), then e(f) = e(g) holds. 
Example 1.2. The energy E : 8 + R in [7] is given by the following: 
Example 1.3. Gromou’s distortion [3, p. 1131 of a knot is given by the following: 
Distor(f) = &~&, If(“x:“;;y)l. 
We will show later that the energy E and Gromov’s distortion are in fact energy 
functionals in the sense of Definition 1.1 (Proposition 1.8 and Theorem 1.9). 
Energy funcrionals of knots 149 
Definition 1.4. Letf E 8. For x, y E S’ and for 0 6 j c 2, define +(f; j; X, y) as follows: 
I 
If(x)-f(r)l_’ 
4(f; j; x, y) = 6-l d& if x # y 
6(X.Y)~’ 
I 
1 
( 
1 1 
= J If(x)-f(Y)V 
_~ 
> %Y)’ ’ 
ifjfoandxfy, 
if j =0 and xfy, 
4(f; j; x, x) = 
0% if jZ2, 
lf”(x)12/24, if j = 2. 
Proposition 1.5. Let 5% be endowed with the C2-topology. 
(1) The map 4(;;, ) : E x [0,2] x S’ x S’ + R is nonnegative, and is continuous 
outside ‘8 x {j = 2) x {(x, x) E S’ x S’: x E S’}. 
(2) 7’he map 4(f; 2; , ) : S’ x S’ + R is bounded for each f~ 8’. 
(3) The map 4( f; 2; , ) : S’ x S’ + R is continuous if the embedding f is of class C4. 
Proof. (2) Put K = max,,sl If”(t)\. Then there holds the following estimate of 
If(x)-f(y)1 for x, y with 6(x, y)<7~/K (see [7, p. 2421): 
6(x, Y) 3 If(x) -f(y)1 2 K-I sin{Wx, Y)). 
Hence +(f; 2; x, y) < K2/6 if 6(x, y) G n/K. 
(3) Assume y = 0 and f(y) = 0. If f is of class C4, then using Taylor’s theorem 
we get 
lf(x)12=x2-vx4 forsomeO<t61. 
(1) The continuity in case of x # y can be derived directly from the definition 
using only the Co-topology of %7 
Suppose x = y and j # 2. We show that for given f. E ‘8, j, with 0 c j, < 2, and a 
positive number E, there exist positive numbers ai (i = 1,2,3) such that if 
6(X,Y)G%, llg-follc?~ 82, and Ij-j,lsS,, 
then 4(g; j; x, y) G E, where 11. Ijc 2 means the C2-norm. Put 82=max,,sl lf”l, K = 
2s2, and a3 = (2-j,)/2. 
Then (lg -follc2G ~5~ implies the following estimate of the interval of integration 
of 4(g; j; x, y), which ensures the existence of 6, : 
Ig(x)-g(y)J-‘-6(x,y)-‘~K26(x,y), ifS(x,y)s&. 0 
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Definition 1.6. Let f~ %. For 0 <j G 2 and 1 S p ~00, define the functional ep to be 
the Lp-norm of the map +(f; j; , ): S’ x S’+ R: 
e:(f) = It&f; j; , )IILPw~~sI) 
I 
I/P 
+(f; j; x, Y)” dx dy , if P <*, 
if p =a. 
Proposition 1.7. As above: 
(1) e;(f)>0 holds for anyfE ‘8. 
(2) e;(f) is continuous on j, p andJ: 
(3) If we have 1 s p, <pz, then efl(f) s e?(f) holds for any j andfE 8. 
Proof. (2) follows from Proposition 1.5. 
(3) By Hiilder’s inequality, 
e?U) = Il+(f; j; , )IILvs~~s~ 
for 1Cp,<p2<oo. 0 
Proposition 1.8. The relations between e,” and the energy E in [7] or Gromov’s distortion 
in [2] (Examples 1.2 and 1.3) are given by the following: 
(1) E(f) = e:(f) -2. 
(2) Distor(f) = exp(eF(f)). 
Theorem 1.9. The functional e$’ (0 -J < s 2, 1 s p s co) is an energy functional if and 
only if p 3 2/j (0 <j s 2) or p = a. 
Proof. (a) Necessity: We show that unless the condition is satisfied, ep does not 
blow up for a curve which has a “cross” in its center (see Fig. 1). 
, 
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/ 
Fig. 1. 
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Assume an immersion g: S’+ R3 of class C2 such that Ig’(t)l = 1 for all t E S’ 
satisfies the following conditions: g(t) = ( t, 0,O) and g($+ t) = (0, t, 0) for -is t s Q. 
We have only to show that if we have j = 0 and p < 00, or 0 <j < 2 and pj < 2, 
l~g( /:,18+ lE”’ dx [1~~~1~8* $(g; j; x, y)” dy) (00. 
In case of j=O and p<co, 
l/8 
1 5 
l/8 
i 
l/8 
o 4(g;O; x,$+s)” ds dx<+ (-logx)p dx<a. 
0 0 
In case of O<j<2 and pj<2, 
l/8 
i i 
l/8 l/8 
I i 
l/8 
4(g; j; x,i+s)” ds dxcjmP (~~+s’)-~‘~ds dx<oo. 
0 0 0 0 
(b) Sufficiency follows from Proposition 2.3 in Section 2. 0 
Definition 1.10. If p >2/j (O<j~2) or p =a, then we call e:(f) the (j, p)-energy 
OffE8. 
2. Finiteness of knot types 
Definition 2.1 [3]. Let f~ 8. For x E S’ define Q(X) to be the smallest critical value 
of the map S’ 3y~ If(x) -f(y)] E R that is different from zero. Then Kuiper’s 
self-distance off is given by 
sd(f) = r’,“sfi xr(x). 
Proposition 2.2 [7, p. 2461. Let r be a positive number. Then there exist only Jinitely 
many ambient isotopy classes of knots which can have r as lower bound for Kuiper’s 
self-distance. 
Proof. We show that there is a natural number N such that if we have sd(f) 3 r, 
then f(S’) is ambient isotopic to a PL-knot with N vertices. Then we can show 
combinatorially that there exist only finitely many ambient isotopy classes of PL- 
knots with N vertices. 
Suppose sd(f) 2 r and put y = f(S’). Let X be a point in y and B,,,(X) be a 
3-ball with center X and radius r/2. Then B,,2(X) n y is an arc which can be 
deformed into a straight-line segment by an isotopy of the interior of B,,,(x) which 
is supported on &B,,,(x)). Put N = [l/r] + 1, where [ ] is Gauss’ symbol. Then y 
can be covered by N such balls, hence y is ambient isotopic to a PL-knot with N 
vertices. 0 
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Theorem 2.3. If p 2 2jf’ (0 <j G 2) or p = o;), then for any positive number b there 
exists a positive number K = K (j, p, b) such that if we have e;(f) s b (f~ E’), then 
If(x) -f(v)1 2 Ks(x, Y) 
for all x, y E S’. 
Proof. If j = 0, put K(0,00, b) = exp(-b). 
Suppose j > 0. Since if 1 c p1 <p2, then e,Pl(f) < e?(f) by Proposition 1.7(3), we 
may assume that p = 2j-‘. 
Assume an embedding f~ E with e;(f) < b (p = 2j-‘, 0 <j G 2) satisfies the 
following condition: 
for some x,y~Sl (xsy), 6(x,y)=6 and If(x)-f(y)l=d~i. 
If 0~ t, s s S/8, then 
If(x+s)-_S(y-t+=d+t+s, 
6(x+s, y-t)&& 
(See Fig. 2.) 
Hence the following inequalities hold: 
~w-)~” = lo1 [; (f (lf([) If(# -&)]’ a d7J 
~~os’“S,“I”{~(~d+:+s~j~~)}pdtds~ 
hence, 
S/8 
I I 
S/8 
( jb)P 2 
0 0 
(d,t+s)-z{,-(~)j}pdtds 
2 a{ 1 - ($)‘}” log 2 . 
Fig. 2. 
Energy functionals of knots 153 
Hence 
Theorem 2.4. If p > 2j-’ (0 <j s 2), then for any positive number b there exist positive 
numbers A = A( j, p, b) and q = q( j, p) such that ife$‘(f) s b (f E E’), then 
If(x)-f(y)1 2 (1 -As(x, Y)‘)+, Y) 
forallx,yES’. 
Proof. Assume an embedding f E 8 with ep( f) s b (p > 2j-‘, 0 <j s 2) satisfies the 
following condition: 
for some x, y E S’, 6(x, Y) = 6 and If(x) -f(y)1 = d. 
Pur p = 6 -d (SO), k = dF’ (0 < k G l), and h = 1 - k. Then just as in the proof of 
Proposition 2.3, one has the following inequality: 
Since 
d+t+s 1+3k 2h 
d+apc-=l- 
3+k 
-<l-- 
4-h 2’ 
(d+t+s)-P’dtds* 
2 
>d&h2, 
we have 
26/Pjb~(Pi~‘)/P ~ h2’P {l-(1-:)1} 
Hence 
~ h2.4hj, 
1 
ifO<j<l, 
h ‘.$h, if lsjs2. 
if OCj<l, 
if lGjG2 
which means 
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Proposition 2.5. For positive numbers K i 1, A, and q, there exists a positive number 
p = p(K, A, q) with the following property: 
If an embedding f E 8 satis$es 
(2.54 If(x) -f(y)1 2 KS(x, y), 
(2.5.2) If(x) -f(y)1 2 (1 -Nx, y)Wx, y), 
for all x, y E S’, then the angle between f ‘(x0) and f ‘(yO) is smaller than ~14 whenever 
6(x,, YCJ =G P. 
Lemma 2.6. Let q be a positive number. Then there exists a positive number C, = C,(q) 
such that if an immersion h : (a - F, b + E) + R3 of class C’ with E > 0 and a < b satisfies 
the following conditions (*) and (**), the the angle between h’(a) and h’(b) is smaller 
than 7r/4. 
(*) Ih(a) - h(b)] = 1, 
(**) for any x, y with a G x <y G b, the curve segment h([x, y]) is contained in the 
solid tube with axis h(x)h(y) (the linejoining h(x) and h(y)) and radius C,lh(x)- 
h(y)l’+q’2. 
We show that Lemma 2.6 implies Proposition 2.5. 
Proof of Proposition 2.5. Assume an embedding f E 8 satisfies the conditions (2.5.1) 
and (2.5.2). If we put 6 =6(x, y) and d = If(x)-f(y)1 for short, then 6~=d 2 
(1 -A6¶)6 and d 3 K6. Define positive numbers d,, 6,) S2 by 
K6, = 6, - ASitq, 
d, = K6,, 
A1 = min{ t > 0: t - Atl+q = d,}. 
(See Fig. 3.) Put B = A(6,/d,)1fq. IfOGlf(x)-f(y)l=d<d,,thendGS(x,y)=6G 
(6,/ dl)d and hence 6 s d + Bdlfq. Therefore the curve segment f([x, y]) is in the 
inside of an ellipsoid of revolution, which is contained in the solid tube with axis 
f(x)f(y) and radius Clf(x) -f(y)\“““, where C =J$B(l +$SdY). (See Fig. 4.) 
d d=h 
A / 
/ 
/ 
/ d = 6 - A@+ 
Fig. 3. 
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Fig. 4. 
Put d2= d,l(l +W). If If(xd -Sag d2 (xo~yo), then If(x)-.f(~)l<d~ for 
any x, Y with x0 s x < y G y,. Put p = min{ d, , (C,/ C)2’q}, where C,, is the positive 
number given in Lemma 2.6. If 6(x, y)~p, then the curve segment If(x) - 
f(Y)l_X(x - a, Y + a)) f or some small E > 0 satisfies the conditions (*) and (**) of 
Lemma 2.6, hence the angle between f’(x) and f’(y) is smaller than 7r/4, and thus 
the proposition is verified. q 
Proof of Lemma 2.6. We show that 
c,= 
tan % 
2 2+q/4 
2+- 2412 - I 
has the property of Lemma 2.6. Assume h(a) = (0, 0, 0), h(b) = (1, 0,O) and h = 
(h, , h2, h3). For a natural number n, put, 
x, = 2_“, xl = (Tl, 0, O), 
s, =inf{s: h,(s) =x,}, Yn = IN&)-xl. 
(See Fig. 5.) Put s0 = b. By applying the condition (**) to a and s,, we give an upper 
bound z,+, of y,,+, inductively (n = 0, 1,2, . . .). Put 
h(sl) 
Fig. 5. 
156 J. O’Hara 
with d, = m and q,, = COdyY/2, where q,, is an upper bound of the radius of 
the tube in which h([O, s,]) is contained. Then yn G z, for all n. 
We show z,/x, s tan(n/ 10) inductively. Since 
c z”+ 22+q/4c02-(4/2)n 
X, 
i2C~+22+q/4C0(2-(q/2)n+. . .+2pq’2)<tans, 
y,/x, G tan(n/lO) for all n. 
Assume that the angle between h’(a) and the x-axis is greater than or equal to 
~1%. Let l7 denote the cone which is gained by the rotation in R3 of the half-line 
y = x tan(rr/lO) (x 2 0) around the x-axis. Put S = sup{s > 0: h((0, s)) n 17 = 0} > 0, 
then there exists a natural number m such that x, = 2-” < h,(S). This contradicts 
Ih(s,)-X,IGxx, tan(a/lO). 0 
Theorem 2.7. If p > 2jP’ (O<j<2), then for any positive number b there exists a 
positive number r = r( j, p, 6) such that if e;(f) G b (f~ 8), then sd(f) 2 r. 
Proof. We show that we may put r(j, p, b) = K(j, p, b)p(K, A, q), where positive 
numbers K, A, q, and p are given in Theorems 2.3, 2.4, and Proposition 2.5. For 
x, y E S’ with 6(x, y) G p, the angle between f’(x) and f’(y) is smaller than rr/4 by 
Proposition 2.5, hence If(x) -f(y)1 is a monotonically increasing function of 6(x, y). 
Besides, if we have 6(x, y) 2 p then If(x) -f(y)1 2 r by Theorem 2.3. 0 
The combination with Proposition 2.2 yields: 
Corollary 2.8. If p > 2j-’ (0 <j 6 2), then for any positive number b there exist only 
jinitely many ambient isotopy classes of knots which can have b as upper bound for 
the (j p) -energy. 
From the proofs of 2.2-2.8 we can obtain an algorithm of calculating an upper 
bound of the number of knot types with e$’ 4 b, where p > 2j-’ (0 <j 6 2). 
3. Infiniteness of knot types 
Let r(S’) be a simple closed curve including a straight-line segment. Put a small 
nontrivial “knotted part” in the center of its straight-line segment. Keeping the 
“knotted part” similar, make it shrink to a point as indicated in Fig. 6. We investigate 
the behavior of the value of ep under this process. (From each knot in this process, 
we can obtain the corresponding knot that belongs to 8 by suitable similarity and 
reparametrization.) 
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r”-3 --) [--)____+[--•-] 
Fig. 6. 
Theorem 3.1. Under this process: 
(1) If p > 2jj’ (0 <j G 2), then the value of ep explodes to +CO. 
(2) If p = 2jj’ (0 <j s 2) or p = +a~ (j = 0), then the value of e,” converges to some 
constant, which is greater than e!(T). 
(3) Ifp < 2jj’ (0 <j s 2) orp < +CO (j = 0), then the value of e; converges to e:(T). 
Proof. (1) follows from Theorem 2.4. 
(2) and (3) follow from the following Lemma 3.2. 0 
Suppose an embedding g : [ -1, l] + lQ3 of class C2 satisfies the following con- 
ditions. (See Fig. 7.) 
Ig’(t)l= 1 for all t E [-1, 11, 
1 
(t-&,0,0), if:GtGl, 
g(t)= (t++j,0,0), if -lctS--j, 
(g(t)lS&, if ItIS:. 
For O<k<l, define g,:[-1, 1]+R3 by 
gk(t)=kg(kP1t), if -k<t<k, 
gk(t)= 1 
(t-&k,O,O), if kstsl, 
(t+&k,O,O), if -l<t<-&k. 
We can define d(gk; j; t, s) for 0 G G 2 in the same way as in Definition 1.4 by j 
replacing 6(x,y) with It--sl. Put 
$bk) = i/+(gki j; , )ii~‘([-1,11~) 
for lGpSo0. 
Lemma 3.2. (i) If p < 2j-’ (0 <j < 2) or p < 00 (j = 0), then eT(gk) converges to 0 as 
k goes to +O. 
(2) Ifp=2j-’ (OCjC2) or p = 00 (j = 0), then there exists a positive number 
CY = a(g; j, p) such that e:p(gk) converges to a as k goes to +O. 
Fig. 7. 
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Proof. We only prove in case pj = 2 (0 < j G 2). (The proof in case p < 2j-’ (0 <j < 2) 
goes parallel.) 
Remark that 
I&C(r) - &As)1 = Ir - 4, if k/5< t, ssl. 
(gk(t)-gk(s)(= k(g(k-It)-f(k-‘s)(, if -ks t, ss k, 
Igdt)-gd+-k/5, if kctsl and lslsk/5, 
igdt)-gh)i=t-S-k/5, if k/Sstsl and -l<ss-k/5. 
We divide the domain of integration into four types. 
(3.2.1) If k/5 s t, s s 1, then qb(gk; j; t, s) = 0 for all j and k. 
(3.2.2) If -ks t, s G k, then 
= jp(C~(g))p. 
(3.2.3) If k=s t< 1 and (S/S k/5, then 
s{(:)’ -(;)‘}p lkl [;I;, t-2 ds dt, 
where the right term converges to a positive constant as k goes to +O. 
(3.2.4) If k/5Gtsl and -lsss-k/5, then 
(1) 
where K=k/5 and N=[2/K]. 
Energy functionals of knots 159 
Since there is a natural number N, such that n 2 N, implies (1-t l/n)’ - 1s 2j/n, 
the right term of (1) is bounded above by a positive constant. 
By (3.2.1)-(3.2.4), 
is bounded above by a positive constant. Since if k, => k, then 
Theorem 3.1 implies the following corollaries. Recall that ep is not an energy 
functional if p < 2j-’ (0 <j < 2) or p < 00 (j = 0). 
Corollary 3.3. Suppose p c 2j-’ (0 <j < 2) or j = 0. Then there is a positive number 
M = M( j, p) such that for any positive number F there exists an embedding f E 8 such 
that e,P( f) < M and that sd(f) < E. 
Corollary 3.4. Suppose p < 2j-’ (0 <j < 2) or p < Co (j = 0). Then for any positive 
number e, every ambient isotopy class of knots has a representative f E 8 such that 
e,“(f) < eT( L) + e, where L( S’) is the standard planar circle. Especially, there exist 
injinitely many ambient isotopy classes of knots with bounded value of e!. 
In [3, p. 1141 Gromov raised the following question: 
“Does every ambient isotopy class of knots in Iw3 have a representative with 
distortion <loo?” 
We show that there exist infinitely many knot types of prime knots with bounded 
value of Gromov’s distortion, or equivalently, e;. 
Theorem 3.5. There is a positive number M’ such that there exist injinitely many 
ambient isotopy classes of prime knots which can have M’ as upper bound for Gromov’s 
distortion. ( We can take M’s 100.) 
Proof. Since Gromov’s distortion and e; can be defined for a polygonal knot whose 
total length is not necessarily one, we prove it in the PL-category. 
Consider a square whose edge is of length n + 1. Remover one edge, and instead, 
put successive n + 1 congruent open trefoils each of which is of length 2, to get a 
160 J. O’Hara 
composite of n + 1 trefoils. Then hook a part of each factor trefoil to the preceding 
one in the same way so as to get an alternating knot {K,} (n = 0, 1,2, . . .) as indicated 
in Fig. 8. (Remark that in Fig. 8 we draw a rectangle instead of a square to save space.) 
Let B, = B,(n) (1 c m s n) be the mth box designated in dotted lines in Fig. 8. 
Then the knot K, goes through 
B,, B,, 6, Bz, &, B,, . . . , &, Bk-1, &, . . . , Bn, R-1, Bn 
in order. This pattern does not change as n increases, so there exists a common 
upper bound on Gromov’s distortions of K,‘s. 
Let 7~( K,) denote the projected diagram of K, in Fig. 8. Then S-( K,) does not 
have crossings which decompose K, as a (possibly trivial) connected sum K, = 
KL# Kx as in Fig. 9. 
Hence by Murasugi’s theorem [6], the difference between the highest degree and 
the lowest degree of the Jones polynomial 
of ST(K,). Therefore K, # K, if n # m. 
Ii0 (trefoil) 
of K,, is equal to the crossing number 
Bl B2 &I 
----r-----l 
K, 
n times 
Fig. 8. 
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Fig. 9 
For each disc D c lQ2 (projection plane) with aD meeting rr(K,) transversely in 
just two nondouble points, r( K,) n D is an embedded arc. Hence by Menasco’s 
theorem [S], K, is a prime knot for all n. 
(We can obtain a sequence of knots in 8 from {K,} by suitable smoothing, 
similarity, and reparametrization.) Cl 
Note added in proof 
When the author had a discussion with Professor M. Gromov, the author was 
informed of the paper: [9] M. Gromov, Homotopical effects of dilatation, J. Differen- 
tial Geom. 13 (1978) 303-310. 
Theorem 3.5 of the present paper is a special case of the fact indicated in the 
Remark in [9, p. 3081. 
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